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Abstract. This paper deals with a one— dimensional model for granular materials, which 
boils down to an inelastic version of the Kac kinetic equation, with inelasticity parameter 
p > 0. In particular, the paper provides bounds for certain distances - such as specific 
weighted x^distances and the Kolmogorov distance - between the solution of that equation 
and the limit. It is assumed that the even part of the initial datum (which determines 
the asymptotic properties of the solution) belongs to the domain of normal attraction of a 
symmetric stable distribution with characteristic exponent a = 2/(1 + p). With such initial 
data, it turns out that the limit exists and is just the aforementioned stable distribution. 
A necessary condition for the relaxation to equilibrium is also proved. Some bounds are 
obtained without introducing any extra-condition. Sharper bounds, of an exponential type, 
are exhibited in the presence of additional assumptions concerning either the behaviour, 
near to the origin, of the initial characteristic function, or the behaviour, at infinity, of the 
initial probability distribution function. 



1. Introduction 



This work deals with a one dimensional inelastic kinetic model, introduced in 



Pulvirenti and Toscani 



( 2004|) , that can be thought of as a generalization of the Boltzmann-like equation due to Kac 



Kad ([1956)). Motivations for research into equations for inelastic interactions can be found 



in many papers, generally devoted to Maxwellian molecules. Among th em, in addition to th e 



already mentioned Pulvirenti and Toscani's paper, it is worth 



Carrillo et al 



20031) 



(2000), 



Bollev and Carrillo 



Bobvlev and Cercignanil (|2002al b 



q uoting: 



Bo bvlev et al 



2003 ). Ernst and Britol (|2002 ) 



20071 ). See, in particular, the short but useful review in 



(2000) 



Bob vlev et al 



Villani 
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( 20061 ). Returning to the main subject of this paper, the one-dimensional inelastic model we 
want to study reduces to the equation 



d 



(i) 



f(v,t) + f(v,t) 



1 

2^ 



{f{vc(0) - ws{0),t)f{vs{0) + wc(9),t) 
c(<9) 2 + s(6>) 2 



dwdO 



9t z7r JRx[0,2tt) 

f(v,0) :=fo(v) (t>0,«€R) 
where f(-,t) stands for the probability density function of the velocity of a molecule at time 
t and 

c{8) cos^l cos6»| p , s{6) := sm6\ smd\ p 

p being a nonnegative parameter. When p = 0, |lj becomes the Kac equation. It is easy to 
check that the Fourier transform (/)(■, t) of f(-,t) satisfies equation 



(2) 



d 



1 



2ji 



at^ t] = 2^ ' <t>me),t)^c{6), t)de - t) 



cf>&0)~MO (tXUeR) 
where 0o stands for the Fourier transform of /o. 

Equation (J5J) can be considered independently of (fTJ), thinking of <f>(-, t), for t > 0, as 
Fourier Sticltjcs transform of a probability measure /i(-,t), with fi(-,0) '.= A*o( - )- ^ n this case, 
differently from |T]), fi needn't be absolutely continuous, i.e. it needn't have a density function 
with respect to t he Lebesgue measure. 



Following 



Wildl (|l95lf ). <f> can be expressed as 



(3) 

where 

(4) 

and 



t) = J2 ^O- ~ e-*) n_1 5n(f ; M (t > 0, £ G 



<?n(£; 0o) := E"=i 0o) ° 0o) 



2jt 



(n = 2,3,...) 



is the so-called M^i/d product. The Wild representation ([3]) can be used to prove that the Kac 
equations (JTJ) and (|2|) have a unique solution in the class of all absolutely continuous probability 
measures and, respectively, in the class of the Fourier-Stieltjes transforms of all pr obability 



McKean 



measu res on (M,B(R)). Moreover, this very same representation, as pointed out by 
( 19661 ). can be reformulated in such a way to show that 4>{-,t) is the characteristic function of a 
completely specified sum of real-valued random variables. This represents an important point 
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Figure 1. 



for the methodological side of the present work, consisting in studying significant asymptotic 
properties of </>(•, £), as t — > +oo. Indeed, thanks to the McKean interpretation, our study will 
take advantage of methods and results pertaining to the central limit theorem of probability 
theory. 

As to the organization of the paper, in the second part of the present section we provide 
the reader with preliminary information - mainly of a probabilistic nature - that is necessary 
to understand the rest of the paper. In Section [2] we present the new results, together with 
a few hints to the strategies used to prove them. The most significant steps of the proofs 
are contained in Section [31 devoted to asymptotics for weighted sums of independent random 
variables. The methods used in this section are essentially inspired to previous work of Haral d 



Cramer (1962 



19631) . 



Halll ( 19811) . 



Cramer and to its developments due to Peter Hall. See 
Completion of the proofs is deferred to the Appendix. 

1.1. Probabilistic interpretation o f solutions of (ITT)— (|21). It is w orth lingering over the 
McKean reformulation of (|3]), following lGabetta and Regazzinil (|2006bl ). Consider the product 
spaces 

J](:=NxGx [0, 2tt) n x M n 

with G = [J n G(n), G(n) being a set of certain binary trees with n leaves. These trees are 
defined so that each node has either zero or two "children" , a "left child" and a "right child" . 
See Figure [TJ 

Now, equip fl t with the cr-algebra 



T t := V(N xG)® B([0, 2tt) n ) <g> B(R N ) 
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where, given any set S, V(S) denotes the power set of S and, if S is a topological space, 
B(S) indicates the Borel c-algebra on S. Define (1/4,74,6*4, Xt), with 9t := (Qt,n)n>\ and 
X t := (Xt. n )n>ii t° be the coordinate random variables of f^. At this stage, for each tree in 
G(n) fix an order on the set of all the (n — 1) nodes and, accordingly, associate the random 
variable 6t,k with the fc-th node. See (a) in Figure [TJ Moreover, call 1,2, ... ,n the n leaves 
following a left to right order. See (b) in Figure [TJ Define the depth of leaf j - in symbols, Sj 
- to be the number of generations which separate j from the "root" node, and for each leaf j 
of a tree, form the product 



n 



.,0') 



where: equals c(9t,k) if j is a "left child" or s(6t,k) if j is a "right child", and 



t,k is the 

element of 6 t associated to the parent node of j; otf^_i equals c(9 t .m) or s(9t. m ) depending on 
the parent of j is, in its turn, a "left child" or a "right child" , 0t >m being the element of 6 t 
associated with the grandparent of j; and so on. For the unique tree in G(l) it is assumed 
that (3i t = 1. For instance, as to leaf 1 in (a) of Figure [TJ j3\t = c ($m) ' c {®t,i) • c (@t,i) &nd, 
for leaf 6, fo, t = s(9 t , 5 ) ■ c(9 t , 3 ) ■ s(9 tA ). 

From the definition of the random variables (3j t t it is plain to deduce that 



1. 



holds true for any tree in G(v t ), with 



a 



1+p 



For further information on this construction, see 



Gabetta and Regazzini 



(2006bJ) 



McKeanl|l967f ): 



Carlen et al 



( 20001) 



It is easy to verify that there is one and only one probability measure Pt on (Q t , Ft) 
such that 

P t {^4 = n, 7 t = g, 9 t G A, X t e B} 



t ) n - 1 Pn(g)u m (A)^(B) if g G G(n) 



if g G(n) 

where, for each t, 

• p n is a well-specified probability on G(n), for every n. 
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• u® N is the probability distribution that makes the 0t, n independent and identically 
distributed with continuous uniform law on [0, 27r). 

• is the probability distribution according to which the random variables X t . n turn 
out to be independent and identically distributed with common law n . 

Expectation with respect to Pt will be denoted by Et and integrals over a measurable 
set A C will be often indicated by E t (-\A). 

In this framework one gets the following proposition, a proof o f which can be obtained 
from ob vious modifications of the proofs of Theorem 3 and Lemma 1 in 



(2006bJ) 



Gabetta and Regazzini 



The solution f(-,t) [</)(■, t), respectively ] of |T]) [([2]). respectively ] can be viewed 
as a probability density function [the characteristic function, respectively ] of 

for any t > 0. Moreover, (3{y t ) := max {|/3i,t|, ■ ■ ■ , |/?i/ t ,t|} converges in distribution to zero as 
t — > +oo. 

As a first application of this proposition, one easily gets 

= e-'MO + e- 1 ^(1 - e-*)™" 1 ^^; M- 

n>2 

Then, since 9n(C;<^o) = Re{4>o)) f° r an y n > 2 — with Re(z) =real part of z — the 
conditional characteristic function of Vt, given {v t = n}, coincides with the characteristic 
function of V t when (f> is replaced by its real part. Whence, 

(5) t) = e" 4 ^(1 - e-T" 1 ^; Re(M) + ilm^i))?' 1 

n>l 

with Im(z) :=imaginary part of z. The distribution corresponding to Re(4>o) is symmetric 
and is called even part of ^o- I n fact, Re(4>o) turns out to be an even real-valued characteristic 
function, and this fact generally makes easier certain computations. It should be pointed out 
that if the initial datum fi is a symmetric probability distribution, then the distribution of 
Vt is the same as the distribution of Y2i=i \Pj,t\Xt,j- 
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1.2. Topics on stable distributions. It can be proved that the possible limits (in distribu- 
tion) of Vt, as t — > +00, have characteristic functions <f> which are solutions of 

(6) A- ct>(Zs(6))<f>(Zc(6))de = cf>(0 (£ 6 R). 
27T Jo 

This result has been communicated to us by Filippo Riccardi, who proved it by resorting to 
a suitable modification of the Skorokhod representation used in the Appendix of the present 
paper. It is interesting to note that also the stationary solutions of ((2|) must satisfy ((6|). We 
didn't succeed in finding all the solutions of ((6J, but it is easy to check that 

(7) g a (t) = exp{-ao|£H (£ G R) 

is a solution of ([6]), for any ao > 0. 

It is well-known that ([7]) is strictly connected with certain sums of random variables. 
Indeed, it is a stable real-valued characteristic function with characteristic exponent a and, 
in view of a classical Levy's theorem, 

(F2) IfXi, X2, ■ ■ ■ are independent and identically distributed real-valued random vari- 
ables, with symmetric common distribution function Fq, then in order that the random variable 
X be the limit in distribution of the normed sum JZILi Xijn 1 ! 01 it is necessary and sufficient 
that X has characteristic function |(7J) for some > 0. 

One could guess that (F2) may be used to get a direct proof of the fact that Vt 
converges in distribution to a stable random variable with characteristic function |7|). This 
way, one would obtain that these characteristic functions are all possible pointwise limits, as 
t — > +00, of solutions (f>(-,t) of ([2]). In point of fact, direct application of results like (F2) is 
inadmissible since Vt is a weighted sum of a random number of summands, affected by random 
weights which are not stochastically independent. In spite of this, by resorting to suitable 
forms of conditioning for Vt , one can take advantage of classical propositions pertaining to the 
central limit theorem. 

In addition to the problem of determining the class of all possible limit distributions for 
Vt , an obvious question which arises is that of singling out necessary and sufficient conditions 
on yUo, in order that Vt converges in distribution to some specific random variable. As to the 
classical setting mentioned in (F2), it is worth recalling 

(F3) If X\, X2, ■ ■ ■ are independent and identically distributed real-valued random vari- 
ables, with (not necessarily symmetric) common distribution function F$, then in order that 
(%2i=i Xi/n 1 / 01 — m n ) converge in law to a random variable with characteristic function 
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with some specific value for ao — or, in other words, that Fq belong to the domain of normal 
attraction of ((JJ) — it is necessary and sufficient that Fq satisfies \x\ a Fo(x) — > c\ as x — > — oo 
and x a (l — Fq(x)) — > c 2 as x — > +oo, i.e. 



Cl 



C2 



(8) 



F oH*0 = y-jz + S^-x) and l-F {x) = + S 2 (x) (x > 0) 
= o(|a;|- Q ) as |x| -> +00 (i = 1,2). 
For more information on stab le laws and central l imit theorem see, for example, Chap- 



ter 2 of 



Ibragimov and Linnild (| 19711 ) and Chapter 6 of iGalambod (119951 ). To complete the 



description of certain facts that will be mentioned throughout the paper, it is worth enunci- 
ating 

(Fi) If 4>q stands for the Fourier-Stieltjes transform of a probability distribution func- 
tion Fq satisfying l|8|). then 



i-to(o = («o+«o(0)iei £ 

where vq is bounded and |l>o(OI = as l£l ~~ * 0- 

(F4), which is a paraphrase of Theoreme 1 .3 of 
mimicking the argument used for Theorem 2.6.5 of 



Ibragimovl (II985I) , can be proved by 



Ibragimov and Linnikl 1 19711 ). 



2. Presentation of the new results 

In the present paper our aims are: Firstly, to find initial distribution functions Fq 
(or initial characteristic functions </>o) so that the respective solutions of J2J) may converge 
pointwise to ([7]). Secondly, to determine the rate of convergence of the probability distri- 
bution function F[-,t), corresponding to <p(-,t), to a stable distribution function G a with 
characteristic exponent a = 2/(1 +p), with respect both to specific weighted ^-metrics and 
to Kolmogorov's distance. 

It is well-known — from the Levy continuity theorem — that pointwise convergence 
of sequences of characteristic functions is equivalent to weak convergence of the corresponding 
distribution functions. In particular, in our present case, since the limiting distribution func- 
tion G Q is (absolutely) continuous, weak convergence is equivalent to uniform convergence, 
i.e. 

(9) sup \F(x,t) - G a (x)\ -> ast^+oo. 
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Left-hand side of ([9]) is just the Kolmogorov distance (K, in symbols) between F(-,t) 
and G a . As to the above-mentioned first aim, besides sufficient conditions for convergence — 
reducing to the fact that Fq belongs to the domain of normal attraction of (|7j) — a necessary 
condition for convergence is given. As far as rates of convergence are concerned, results can be 
found in the paper of Pulvirenti and Toscani, with respect to a specific weighted \ -metric, used 



CO stu 
1995 


ay converg 
). See also 


ence 10 
Rachev 


:quinc 
(1991) 



Gabetta et al 



one has 



Xs(F(-,t),G a ) := sup 



|0(e,t)-exp(- Qo |Cr)| 
\t\ s 



Pulvirenti and Toscani 



With reference to (JT}) , after writing g a for a density of G a , Theorem 6.2 in[ 
( 20041 ) reads: 

(F5) Let p > 1 with fo such that J R M Q+<5 |/o(w) — 9a{v)\dv is finite for some 8 ir, 
(0, (1 - a) A a). Then 

(10) Xa+ S (F(;t), G a ) < Xa+s{F , G a ) cxp{ i(l - 2A 2[1+s/a} )} 

holds true for every t > 0, with 



(11) 



1 

2^ 



2tt 



\sm0\ m d0 



1 '2' 



(m > 0). 



V^r(f + i) 

Moreover, (|10p is still valid if < p < 1 and L |w| Q+5 |/o(v) — g a (v)\dv if finite for some S 
(0,ap\. 



It should be pointed out that the proof of (F 5 ) provided in 



Pulvirenti and Toscani 



( 20041 ) rests on a hypothesis that is weaker than the one evoked in (-F5), i.e. 
(12) | W0 (£)| = O(|£| 5 ) as£^0 

for some 5 > 0. 

In the present paper we prove weak convergence of F(-,t) to G a under much more 
general hypotheses than those adopted in (-F5). For reader's convenience, it is worth noticing 
that the probability distribution function Fq corresponding to Re(4>o) (see the final part of 
Subsection 11.21) coincides with 



-{F (x) + l-F (-x)} 
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at each point x of continuity for Fq. In view of (F3)-(Fi), if Fq belongs to the domain of 
normal attraction of iff]), then there is a nonncgative Co for which 

(13) lim \x\ a F*(x)= lim x a (1 - F* (x)) = c 

x^ — oo x— »-foo 

and the characteristic function associated to Fq , i.e. ite(0o) 3 satisfies 

(14) l- J Re(0 o (O) = («o+^(O)ie| Q 

for some bounded, real-valued Vq such that |wq(£)| = o(l) as £ — > 0. Moreover, Co is related 
to ao by 

„ Z" 4 " 00 sin(x) , 

a = 2c / — da:: - 

Jo x 

The precise statement of the aforementioned convergence reads 
Theorem 2.1. Given p > 0, Zei t/ie initial data for problems <[TJ)— (J2I) satisfy 



Then 



lim (1 - F*(x))a; Q = c . 

x— » + oo 



lim K(F(-,t),G a ) = 0. 

i — > + oo 



In particular, if cq = 0, f/ien /or every e > one ftas 

lim F(-e,t) = lim (1 - F(e,i)) = 0, 

t — > + oo t — >+oc 

i.e. the weak limit of fi(-,t) is the point mass Sq. On the other hand, if p > and there is 
a strictly positive and increasing sequence (t n ) n >i, divergent to +oo, such that (F(-,t n )) n >i 
converges weakly to any probability distribution function, then 

< lim inf x a (l - F*(x)) < +oo. 

£ — >+OC 



Proof of Theorem [271] is deferred to the Appendix. 

After presenting the most general statement we achieved about the weak convergence 
of F(-,t), let us proceed to investigate how convergence is fast. Pulvirenti and Toscani's 
argument to prove (F 5 ) lies in studying equation ((J) directly via suitable inequalities and 
from an analytical viewpoint. Differently, in our approach one starts from inequality 

(15) \<K£,t) - g a (£)\ < E t (\4> vt (0 - g a (Z)\) 

where g a is defined by ((7|) and, according to (i*i), 4> Ut represents the conditional characteristic 
function of V* given (f t ,7 t ,#t). Hence, from the beginning, we try to obtain bounds for 



1(1 
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\<fiv t (£) ~ 9a{Q\- This is tantamount to investigating bounds for | </>«(£) — ffa(£)l when <fin is 
the characteristic function of 

n 

(16) flW:=Eflf n) *l 

with Xi,X2, . . . independent and identically distributed random numbers, with common dis- 
tribution function i<o, and 

n 

(17) g z (,l) > for l = l,...,n, n = 1,2, . . . such that ^(g^)" = L 

Think of n and (g x , . . . , g» ) as realizations of i/* and (|/?i,t|, ■ ■ ■ , |/3y t ,t|)j respectively. Ac- 
cording to (Fi) one can assume 

(18) <?(„) := maxjgj"', . . . , g^} ^ as n — > +oo. 

We study this problem - preliminary to the investigation of rates of convergence for V t - 
under the additional conditions that F is symmetric (and, consequently, the corresponding 
characteristic function cf>o is even) and that it belongs to the domain of normal attraction 
of g a . See (Fs)-(F4) and ([T3|) - (fT4l) . This way we also get bounds for convergence in law 
of weighted sums S n to stable random variables, which are of interest in themselves and, as 
far as we know, seem to be new. They are explained and precisely formulated in Section 3. 
Resuming now the main issue of the speed of convergence of Vt to equilibrium, some further 
notation is needed. We set 

|| Vq II := sup |uq (£)l> M :=a + \\vo\\, u„(0 := sup |^(x)| 

£>0 0<x<£ 

and, given rj G (0, do), define d to be some element of (0, 1) such that 

^M 2 \x\ a + v*(x) < r) 

o 

comes true whenever |x| < (3d/(8M)) 1//Q . Next, we put M r := max J >oi™e"'°°"' ] ' I °, di := 
(3/(8Af)) 1 / Q , k* = ^(did 1 /«)(l + 2dfd 1 - a v^{d 1 d 1 / a )) + (4/5)A/ 2 d?d + {32/25)M 4 dl a d 3 ~ a . 

2.1. Speed of approach to equilibrium with respect to weighted x metrics. Now we 

are in a position to present our first results which concern convergence of F{-, t) to G a with 
respect to x _m etrics. 
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Theorem 2.2. Let Fq belong to the domain of normal attraction of G a with a = 2/(1 + p), 
for some p > 0. Define vo and Vq to be the same as in (F4) and (|14p . respectively. Set 
/3( Vi ) := max{|/3i, t |, . . . , \fi Vt ,t\}- Then 

Xa(F(;t), G a ) < Etiv^d^)) + 2M 1 E t (v*(d 1 (3 c {vt} ) 2 ) + ^M 2 ] M l E t {^ Vt) ) 

09 9 
+ -M 3 M 4 ^(^ t) ) + (fc* + ^)P t {P {vt) > d A dVca } 



do!? 



+ ^^(<5" C) ) + e ~* sup i /m ( uo ^))i 

«i ^ ; jeR 

is uaZzd /or any c in (0, 1). 

The upper bound provided in Theorem 12.21 goes to zero as t — > +00 thanks to (F\), 
(-F4) and the definition of v^. Then, it can be used to yield further bounds, either via the 
statement of specific upper bounds for the expectations which appear in the right-hand side, 
or through the adoption of suitable extra -conditions on vq. As to the for mer way of arguing, 
it is worth recalling that Proposition 8 in lGabetta and Regazzinil (|2006a) gives 



(19) 



Et(J2 \M m ) = EtQ^ 4; (1+p) ) {5 3 = depth of leaf j) 

j'=i j=i 

= cxp{-t(l - 2A m{1+p) )} (m>0) 



with A m defined as in (fTTj) . Moreover, from Lemma 1 in lGabetta and Regazzinil (|2006bl ) 

(20) PtiPw >x}< x'^e^ 1 - 2 ^ (0 < x < 1, q > 0) 
which, in turn, yields 

(21) E t(P(Z t )) < e ~ amt + e - t{1 - qaa/2 ~ 2A " ) 
for any positive a and q. Now, define U\ t as 

4 S2 

Wi, t : = «o(rfi/3 ( %)) + 2M 1 (v*(d 1 f3{ l/t) )) 2 + -M J ^, + -M 3 M 4 f3^ t) 
+ ( k * + T^) 1 ^) > rf A d 1 /-} + ^<)- c) + e- 4 sup |/m(%(0)| 

««1 «1 ^ ; 5GR 



and set 



M ht := «5(di/3f w) ) + 2M 1 (« *(d 1 /3^ ) )) 2 
Ku :=Wi,t-Mi,t. 
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Next, observe that the upper bound provided by Theorem 1 2 . 21 can be written as 

E t (Mi, t ) + E t (Ki,t) <Et(Mi, t ;0( Vt ) < x t ) + M(l + 2M 1 M)P t {P {Vi) > x t } + E f (K ht ) 
with xt '■= exp{— at] and a satisfying 1 — 2A q — aq/(l + p) > to obtain 
Xa (F(;t),G a ) <v* (d 1 e- c ° t ) + 2M 1 v*(d 1 e- c ° t ) 2 

(22) 

+ M(l + 2M 1 M) e - t{1 - 2A -- aq/{1+p)) + E t (TZ h t). 

Then, since Et(Hi,t) can be re- written — thanks to (|20 |) -([2T j) — as a sum of exponential func- 
tions, (|22p provides a bound entirely expressed, through Uq, in terms of exponential functions 
oft. 

Exponential rates of relaxation to equilibrium hold true under some extra-condition 
concerning the local behavior of v near the origin. 



Theorem 2.3. Assume that, in addition to the assumptions made in Theorem \2.2\ (1121) 
holds for some S > 0. Moreover, let d be chosen in such a way that \x\ < d\d}^ a entails 
\ v o{ x )\ 5= p\ x \ S f or some p > 0. Then, 

x a+ s (F(,t),G a )<( P+ d?+s * a+s)/a ) e-(— + -» 

+-M 2 M^,e-^- 2A ^ + 2p 2 M^e- ti - 1 - 2A ^^'^ 
5 

+ ^-M 4 Af 1 ^ ie - t ( 1 - 2 ^) + e"* sup —\Im( Vo (0)\ 
holds true for 5 in (0, a], while 

'4 2 2 
,5 + d^d* 



M2 + d^) e ~ t(1 ~ 2Ai) 
32 



+pMs^e-< 1 - 2A ^^ + —M 4 M 2 e- t( - 1 ~ 2AB '> 

25 

+2p 2 M M e- f(1 - 2A! i 1 + 21 '°) ) + e -< sup r^H im(v (0)1 



is verified for d in (a, 2a] . 



In short, this proposition can be condensed into the following statement: Under the 
hypotheses of Theorem 12.31 there are constants a\ and a 2 such that: 

Xa+s{F(;t),G a ) < aie - t ^- 2A ^+*/^ if 5 G (0, o], 

X2a(F(;t),G a ) <a 2 e-^- 2A ^ if 5 e (a,2a\. 
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Statements of the sam e type as Theorems 12.21 and 12.31 are proved in Section 5 in 



Gabetta and Regazzinil (|20P6c) for a = 2 (p = 0), i.e. when G a is a Gaussian distribution 
function with zero mean. Notice that the rate of convergence given in the former part of the 
last theorem coincides with that of Toscani and Pulvirenti previously quoted in (F 5 ). The 
latter part of Theorem 12.31 and, mainly Theorem 12.21 seem to be new. See Subsection 12.41 for 
further comments. 

2.2. Rates of relaxation to equilibrium in Kolmogorov's metric (Conditions ex- 
pressed on the characteristic function 0o)- Rates of convergence of F(-,t) to G a , in 
Kolmogorov's metric, can be deduced from the representation of V* as weighted sum, via 
the well-known Berry-Esseen inequality in its form given, for example, in Theorem 3.18 of 



Galambosl (|19951 h It is worth recalling that application of this inequality is allowed thanks to 
the fact that G a has derivatives of all orders at every point. Henceforth, given any strictly 
positive I and q, we put 



Ni 

and 



r+oo 

Jo 



H(Z,q):=\vS(Zq)\(l + 2\Z\ a \vWq)\), H(£,q) := sup 

u<q 

with Vq as in ([T4"|) . 

Theorem 2.4. If Fq belongs to the domain of normal attraction of G a with a = 2/(1 + p) 
for some p > 0, then 

K(F(;t),G a ) <-E t [J2\M a / H(Z,\Pi,t\)t a - 1 e- lao - T,)e 'dZ] 

^ 3=1 J ° 

+ £iM £,(/? ) + % M 2 N2oie -t { l-2 Ai ) + ^± M 4 NAae -t(l-2A e ) 
d 07T 257T 

+ ^-sup\F (x)+F (-x-Q) -1\ 

c being the constant which appears in the above-mentioned version of the Berry-Esseen in- 
equality and d :— (Sd/SM^ 1 ^" . 

A further bound for K(F(-,t), G a ) can be obtained by replacing the summand 
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with 

9 r+oc 

-Ek[ Hfo0to)Z a - 1 e- la °-' l)e "dt]. 
71 Jo 

Finally, it is worth presenting a bound of the same style as (|22p. entirely depending 
on exponential functions: 

K(F(;t),G a ) <AA/2 7V2Qe -t(l-2A 1 ) + j^ M i N4ae -t(l-2A 6 ) 

5tt 257r 
+±^ S up\F (x)+F (-x-0)-l\ 

d t 7o 

Notice that the above two bounds go to zero as t — > +oo. Indeed, the latter goes to 
zero since, on the one hand, linit^+oo J °° H(£, e~ ta )£ i a ~ 1 e~( ao ~ v ^ d£ = and, on the other 
hand, a and g can be chosen in such a way that 1 — qaa/2 — 2A q turns out to be strictly 
positive. Exponential bounds can be given under the usual condition on the behavior of vq 
near the origin. 

Theorem 2.5. If, besides the assumptions considered in Theorem l2.4l wjj is such that |i>o(£)l = 
Od^l 5 ) as £ — > for some 5 > 0, and d is chosen to assure that |£| < d = (Sd/Sm) 1 ^ 01 entails 

|«5(0I < p\t\ s , then 

K(F(-,t),G a ) <^M 2 N 2a e~^- 2A ^ + ^-M^e^ 1 - 2 ^ 

07T loir 

+ -pN a+s e- t{l - 2A ^/" ) + 2p 2 N 2a+2S e- t{1 - 2A ^/" ) 

IT 

+ ^l Et (/3 M ) + ^ sup \F (x) + F (-x - 0) - 1|. 

In view of (|21[) . the thesis of Theorem 12.51 can be formulated as: There are positive 
constants 03 and b such that K(F(-,t),G a ) < a^e~ bt for every t>0. 

2.3. Convergence in Kolmogorov's metric (Conditions expressed on the initial 
probability distribution Fo). A characteristic feature of the results presented until now 
is that all the assumptions adopted to obtain bounds — in particular, extra-conditions to 
achieve exponentially fast convergence — are formulated in terms of conditions on the initial 
characteristic function. In general, with respect to actual choice of initial data, it is easier 
and more natural to assign conditions on Fq than on </>o . Apropos of this remark, see the role 
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played by Lemma 6.1 in lPulvirenti and Toscanil (|2004r i and Section l2~4l below. With reference 
to the c l assical case of independ ent and identically distributed summands, sec, for example. 



Cramer (1962 



1963), 



Halll (|198ll ). Accordingly, the main objective of the rest of the section is 



to determine bounds for K(F(-, f), G a ), expressed in terms of quantities whose computation is 
generally easier than the computation of characteristic functions, once either Fq or some ap- 
proximate form of Fq has been assigned. To pave the way for presentation, let us complement 
previous notation given, in particular, in Subsection [L2j 



h*(x) :=x a S*{x) = x a {\ - F*(x)} - c* = x a F*{-x) - c* (x > 0) 



b*(x) :=2x 



sm.(xu)S* (u)du 



D 



where D is some strictly positive number and the integral has to be meant as improper 
Riemann integral. Moreover, 



B x :=2k 1 N 2 +8k 1 k 2 N2+c 



B 2 := 8kjN 4 , 
4 



B 3 := Ak 2 N 1+a + 2JVi 
32 



B A :=4k 2 N 2+a + 2N 2 , B 5 := -M N 2a , B 6 := —M N ia 

5 25 



with 



fci 



and 



x\S*(x)\dx, k 2 := supl^iM < max{||w* 

x>0 X a 



H*(Q) ■■= / V x - a \h*{y/q)\dy, H* 2 { q ) -.= 



2fci,2 



\S*{x)\dx} 



D 





k 3 := sup H*(q), k 4 := sup H 2 (q). 

?e(o,i) ?e(o,i) 



+ 00 



y- a \h*(y/q)\dy 



Theorem 2.6. If Fq belongs to the domain of normal attraction ofG a with a = 2/(1 +p) in 
[1,2), and L \S*(x)\dx < +oo if a = 1, then 



^(•,t),G a )<-^[^|/3 iit r{S3Fr(l/3i,t|)+M 2 *(|/3 : 



•j-t\ 



3=1 



C\\h a \\ 



Et(J3 lvt) ) + l{B ie -^- 2A ^ + B 2 e-^ 



2A, 



,)/«,) 



Bse -t(l-2A 4 ) + B6e -*(1-2A 6 )| + Z_L sup | Fq(s) + p o{ _ x _ Q) _ X |_ 



1(1 
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Then, setting H*(x) := sup^^j, H * (y) for i — 1,2, and recalling (|2ip . we obtain a 
bound completely expressed in terms of exponential functions, that is 



7T I 



■2A (s _ 2Q )/ a ) 



I r> , ; o | - t (l- q aa/2-2A„) 

k 3 B 3 + K4B4 + — ~ — e H 1 

Id' 

+ B 5 e-^- 2A ^ + B 6 e- t(1 - 2A ^ + I*^-* 

2 d 

+ B 3 H{(e- at ) + B^e-^)} + & — sup \F (x) + F (-x - 0) - 1|. 

In order to obtain exponential bounds, we reinforce the assumptions made in Theo- 
rem 12.61 in the sense that 



(23) I' 1 * 0*0 1 < 1 — tj f° r some positive constant p' and S in (0, 2 — a). 

\x\ 



Theorem 2.7. Besides the assumptions made in Theorem l2.6l suppose (|23p holds true. Then, 
2 



K 



(F(; t),G a ) K-iB^ 1 - 2 ^'^ + B 2 e-^- 2A ^y^ + B 5 e-^- 2A ^ 

p'B 3 | p'Bj 
2 -a- 5 a+6-1 



+ B 6 e-^ 2A ^ + ( P ' Bs r + P ' Ba ) e -«(i-2A 3+M/ „)l 
2 — a — 5 a + — 1 J 



+ *Lli( e -«rt + e -t(i-W3-",)) + sup \ Fo (x) + F (-x — 0) — 1| 

which is tantamount to saying that there are positive constants 04 and 64 such that K(F{-, t), G a ) < 
a4e _b4 * Zio/ds /or every t > 0. 

It remains to consider the case with a in (0,1). In point of fact, the next theorem 
is valid for any a in (0,2), but it requires further notation. Firstly, S* is assumed to be 
monotonic on [D, +00). Then, one sets 

p + OC 

b* 2 (x):=-2 (l-cos(xy))dS*{y); 
Jd 

f+oo 

Hl(q):= y- {1+a) \h*(y/q)\dy, H* 3 (q) := sup H k 5 := sup H* 3 (q); 

Ji v<q q&(o,i) 

B x := 2hN 2 + %hhN 2+a + \S*{D)\D 2 N 2 + 2k 2 \S*{D)\D 2 N 2+ai 
B 2 := 8k 2 N 4 , B 3 := 2z + 4z a k 2 
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with 



where 



ki := ki 



D*\S*(D)\ 



h :=supi^l < k 2 + 2D\S*(D)\max(^-,2), 

x>o x a V 2 



max ■ 









r+oo 






— n r (x) 
ax 












Jo 



n r (x) := e~ {ao ~ ,l)xC " x r x > 0. 



Theorem 2.8. Let a belong to (0,2) and let S* be monotonic on [D, +oo). Then, 



K(F(-,t) 7 G a )<-B 3 E t [Y,\Pu\ a {m\M) + Hm,t\)}] 



+ C]K^^ + £ r 5ie -t (1 -2A 4/o ) + 5 2e - t (l-2A (8 _ 2Q)/Q ) 

Bse -*(i-2A 4 ) + S6e -*d-M B )l + £_! sup | Fo(x) + _ 0) _ !|. 

J 2 mem 



As done elsewhere in this section, it should be noted that the inequality 

^^^C9^)) + |B3^[£|/3i, t | a {^i^|/3i, t |)+^(|i8i I t|)}] 
< ( + lB 3 (k 3 + h)) e -*(i-W2-2A 4 ) 



c||/la|L_ at , 2 
7T 



e -<rt + rB 3 {i5-*(e" CTt ) + H;(e- at )} 



is useful to yield a bound for K(F(-,t),G a ) depending only on exponential functions, while 
an exponential bound can be derived from the next theorem. 



Theorem 2.9. Besides the assumptions made in Theorem l2.8i suppose (|23[) holds true. Then, 
2 



K(F(-,t),G a ) <-\B ie -^- 2A ^ + B 2 e- t(1 - 2A ^^ + B 5 e-^- 2A ^ 

f26/ Q )| 



B 6e -t(i-2A 6 ) + (— + ^ ) e -*(i- 



+ Elliiii ( e -<rt + e -t(i-W2-2A,) ) + sup | Fo(x) + Fo (_ x _ ) - 1|. 
e? 2 x£ k 



18 
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2.4. Brief comparative study of extra condition on <fio and on Fq. In view of the 
greater expressiveness of assumptions given for Fo, if compared to conditions on </>o, already 
stressed at the beginning of Subsection 12 - 31 we conclude the section with a brief comparative 
analysis. This analysis deals, on the one hand, with the two kinds of conditions actually used 
in the present paper and, on the other hand , with our conditions on Fq compared with those 



introduced in 



Pulvirenti and Toscanil (|2004f ) 



Recall that in Subsections 2.1 and 2.2 we have used an extra-condition which, in the 
symmetric case, reduces to 



(24) 



| = 0(1^1*) as£^0, for some 6 >0 



while, in Subsection 2.3, we have stated a few results under the extra-condition 



(25) 



< 



r a+6 



(x > 0) 



for some S in (0, 2 — a) when a belongs to [1,2), and for some S in (0, 2 — a) when a belongs 
to (0, 1) provided that S*(x) = (1 - Fq(x)) — CqX^ 01 is monotonic for x > D > 0. 

As to the former point under discussion, notice that for a in [1,2) one can resort to 
easy inequalities, to be explained and used in the proof of Proposition 13.61 to obtain 

k*(£)l<^!^ + 2fci|£| 2 - Q 

where, in view of ([25]) . |6J(£)| = 0(|£| Q+<5 )- An analogous conclusion holds true when < a < 1 
with &2 an d k\ in the place of b\ and hi, respectively. See formal developments in the proof 
of Proposition 13.71 Hence: If 5 belongs to (0, 2 — a) with < a < 2, and S* is monotonic on 
(D, +oo) for some D > when < a < 1, then ([25]) entails (|24|) . 



Moving on to the latter kind of comparisons, it should be recalled that 



Pulvirenti and Toscani 



((200J), in order that initial data can satisfy |25|) . assume 



(26) 



\x\ a+d \f (x) - g a (x)\dx < +oo 



for some 6 > . 



In Section 4 of iGoudon et al.l ((2002) it is proved that (|26|) entails ([24]) and now we prove that 
(|26| yields (|25| when 5 < a. Indeed, from the Markov inequality, 



\F*(x)-G a (x)\ < 



m a+ s 
2x a+s ' 
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This, combine d with a well-kn own asymptotic expression for G a (see, for example, Sections 



2.4 and 2.5 of 



Zolotarevl (|l986l )). gives 



\F*(x)-^\ < n 

x a 2x a+s 



(x 



Then, (1251) follows form (1261) when 6 < a. This last restriction is consistent with Theorem 



6.2 in 



Pulvirenti and Toscanil (|2004f ). mentioned in (F5), and with the first part of Thco- 



rem 12.31 Moreover, it shoul d be noted that classical asymptotic formulae for g a (see, e.g. 



Ibragimov and Linnikl (|197lh ) can be applied to exhibit simple examp les of initial data which 



Pulvirenti and Toscani 



meet ((231) but do not meet (|2"6"|) . In other words, the criterion evoked by 
( 20041 ) - to get ([24]) together with exponential bounds for Xa+s with 5 < a - could be usefully 
replaced by the weaker condition (|25p . as we have done for convergence with respect to the 
Kolmogorov metric. 

3. Limit theorems for weighted sums of independent random numbers 

As mentioned in the introductory paragraph of Section [2] — see, in particular, expla- 
nation for (1161) . (I17p and (fl~8|) — the present section focuses on the study of the convergence 
in distribution of weighted sums of independent random variables. This study, besides the 
interest it could hold in itself, is essential for proving the theorems already stated in Section 
In point of fact, the main steps of the arguments used to prove these theorems are set 
out in the propositions we get ready to enunciate and prove in the present section. Specific 
indications of how they are used will be given in the Appendix. 

For the present, it should be recalled that we are interested in convergence in distri- 
bution of sums 



(27) 



5,) 



with Xi,X%, . . . independent and identically distributed real-valued random variables with 
common distribution function F . Moreover, the numbers are assumed to satisfy (|17[) - 
(I18p . and Fq is supposed to be a symmetric element of the domain of normal attraction of ([7]). 
Then according to (F3) and (F4), there is Co > satisfying 



(28) 

for which 



;+°° sin(x) , 
Oq = 2cq / : — dx 



lim \x\ a F (x)= lim x a {l - F (x)} = c 
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and 

i-MO = (ao + v (OM\ a (feR) 

where v is a bounded real- valued function satisfying |«o(OI = as £ ~ *■ 0- See (TIB")) - (fbfj) . 

The above conditions, printed in italic type, are assumed to be in force throughout 
the present section, and will be not repeated in the following state ments. It is wor t h reca lling 
that these statements arc inspired by previous work published in 



Cramer (1962 



19631 ) and 



Halll ( 1981 ). Accordingly, the present line of reasoning is based on certain inequalities con- 



tained in the following lemma where, as in the rest of the section, for the sake of typographic 
convenience, qj is used instead of Qj ■ 

Lemma 3.1. Let <p n be the characteristic function of (|27p . Then, 

n 

i^(o-3a(oi<e- (oo ^ )l£l ler{E?TK(^oi(i+2ierK(^)D 

'4 „ 32 



i=i 



(29) 



wm 2 ]r # (-<# + -M 2 iei 2a ?f ) }m\ < D n } 



3=1 



+21{|e| > AJ (f )* [|£l{c = 0} + |£% (n) > d*/~ < c < 1} 

+ gg~ C) %(») <d 1 / CQ ,0<c<l}" 
Zio^rfs /or any ( ml, s >0, cm [0, 1), d, d\, k* and M being the same as in Theorem l2.2l with 
v in the place ofv^, g (n ) = max{q 1 , ...q n } and D n = D n (c, d) := (gfj(d A 9("))) 1/a 9( n 1 )I{° < 
c < 1 ) + (wi d ) 1/a< i(n) l { c = °}- Moreover, /or s = a,cffl (0, 1) and £ m R, 

did 1 /" 



(30) 



with 



,(0-0,(01 <ierk^-")i«i Q (fc*i{q (n) >d, ici < ^ — } 

KO^i^H^^Mei^^C) 1 }) 

9 / O a 



*(0 = E*>°(^-)i + i^r(i M2 E«f + 2E^i y o(^)i 2 + §iei 3Q ^ 4 E#0- 

3=1 3=1 3=1 3=1 

Proof. According to previous notation, set |jwo|| := sup| :E>0 } |fo(^)| and «o(0 
su P{o<a;<c} \ v o(z)\- Now , in view of (F 4 ), 



|1 - 0o(6&)l = l«o + wo^OH^-r < M|e|»^ 
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and the last term turns out to be bounded from above by 3<i/8 < 3/8 when |^|?( n ) < 
(3d/8My/ a . Since log(l+z) = z+(4/5 )6Uz| 2 for \z\ < 3/8 and so me 6 Z satisfying \6 Z \ < 1 (see, 
for example, Lemma 3 in Section 9.1 of lChow and Teicherl (|l997l )). then < {id/SM) 1 / 01 

yields 

n n 

4> n ($ = exp{^log(0 o (^))} = exp{^log(l - (1 - Mt<h)))} 

3=1 3=1 
n n 

= exp{- 2(1 - <M^)) + E^ 1 ~ ^o(^))} 

3=1 3=1 

with r(x) := (46> 2; /5)|a;| 2 . Moreover, if |£| < (id / MI) 1 ' a / q {n) and < d < 1, 

4 
5 

and, via (-F4), 



Kl-0o(^))l<^M 2 |^| 2 ^f (j = l,...,n) 



(31) 



with 



and 



Writing 



,(0 = exp (- ]T{a + « (^)}|^r - E^ 1 " 
3=1 3=1 

= exp(-ao|Cr) exp(-B n (£) + #!,„(£)) 

n 

Bn(0 = l«| a E3>^) 
3=1 



l«i,n(OI = l$>(i-to(to))l < 7 A/2 I£I 2Q E^ 2 



2a 

5 - - ^3 
3=1 3=1 



exp(-B„(0 + fli,„(0) = 1 - B n (0 + R hn (0 

l>0 



(iil,n(0-5„(0) 2 E- 



(J + 2)! 



with 



= l-B„(0+«l,n(0 + ^2,n(0. 

(fi 1>n (0 - B n (oY n 



(32) 



/! 



\R 2 , n (0\ = (RiAO - B n (0) 2 \J2 

l>0 

< 2{B n {0 2 +Ri, n (0 2 }eM\B n (0\ + |fii,n(OI). 

equalities (f3Tj) give 

(33) <£„(£) = exp(-a |£| Q ){l - B„(0 + fli,„(0 + «2,n(0} 



(i + 2)! 
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As to i?2,ra(£), for |£| a < (3d/8M)q7% and any sufficiently small d, one gets 

n , n 

\B n (0\ + \RiAO\ < Kl a + 5^ 2 I£I 2Q 9?„)E^ 

by the definition of <i given immediately before the beginning of Subsection 12. II This entails 

expdA.COl + \Rx,n{0\) < e" ler 

for any 77 in (0, ao) and |£| < (3d/8M) 1 ' a q7 n y Next, an application of Jensen's inequality 
yields 

- Ifi ™ 

is„(oi 2 + iiii,„(oi a < i£i 2Q E^'o(^) 2 + ^M 4 icr E^ 3Q 

3=1 " 3=1 

which, in turn, combined with (|32p , gives 

32 

25 J 

3=1 3=1 

Now, from ([33]) with |£| < D n , 



\RaA0\ < {2|e| 2Q E^«o(^) 2 + ^^ 4 |e| 4Q E9f Je" 1 ' 



71 

|^(0-exp(-ao|er)|<e-°»lf a |fr{X;N(^(«))l9j 

3=1 

+ - 5 M*\t\<*j2*r + (sir E*X^) 2 + |M 4 iei 3Q E^) e ^ r } 

n 

< e -^-")i«i a ier{E«3 a K(^)i(i+2|^rK(^)i) 
3=1 

+ir^ 2 E?f (| + | M2 ifi 2 x)}- 



,0 < c< lH > 1 



3=1 

,f ( 4 32 

3=1 

At this stage it remains to consider |£| > £>„. In this case, one gets 

f { = 0) + ^I(g (B) > dVc, < c < 1) + < d^ 

and, to complete the proof for (|29p . it is enough to take account of the obvious inequality 
|0„(£)-exp(-a o |£| Q )| < 2. 

Now, as far as (|3H)) is concerned, take s = a and c in (0, 1). Then, (f2T))) becomes 

|^(e)-exp(-ao|e| a )| <e-( ao -")l«l°|ers(e)I{|ei < A.} 

(34) itla ./ 

+ 2^{^I(g ( „) > i 1/ca ) + g° n ( ) 1_c) %n) < rf 1/cQ )}l{iei > D n }. 
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Now, for q (n) > d and |£| < D n {< di&^q^), 

HO < v (did 1/a )(l + 2dy 1 - a v a (d 1 d 1/a )) + (4/5)M 2 d?d + (32/25)A/ 4 of*d 3 - Q = k* 

and (001) follows from {32]) with ct(£) replaced by k* on {g ( „) > d, |£| < D„}. 

Lemma 13.11 can be used to obtain bounds for the Xa~distance between G a and the 
probability distribution function F n of S n . 

Proposition 3.2. The Xa~distance between F n and G a satisfies 

n 

Xa(F n ,G a ) < k*I(q (n) >d)+Y, 'ZX^C/M 1 + ^hvoid^q^ 1 )} 

+ qU{ |W + f h M,M\ tn) } + ^{%(?(n) > ^) + <r c) } 
/or any c m (0, 1), with M r := max I >oe"'°°~' , ' :E x ra (r being any positive number). 
Proof. Consider (|3"0]) and observe that 
HO <j2^o(d iq] q[-l)(l + 2M 1 v Q (d iq] q c - ) 1 )) + ^M 2 M iq ° n) + ^M 4 M 3 qf: } 



3 = 1 



holds true on the set {<?(„) < d, |£| < D n } since D n < dig^ 1 on this set. <0 

It is easy to check that the upper bound stated in Proposition [32] is o(l) for n — ► +oo. 
Lemma 13.11 can also be exploited to determine analogous bounds for Xa+s an d X2a , 

under the extra-condition 03 



Proposition 3.3. Suppose (j 1 2|) is valid for some S > and take d in such a way that 
ICk(n) < did 1 / (= q^D n if c = 0) entails v~o(£,<lj) < Pl^jl" 5 / or some p > 0. Then, 

n n 

3=1 " i=i 

/i n ™ 2o Q+<5 

5 '"5^^ 25 3 ~«Z^ y J d? +<5 d 1+<5 /« 
3=1 j=i 1 

for any 6 < a, and 

X2a(i'n,G a ) < pAU^^Ij + 2 P M % l^,^ + Z^J + 25 2-, ?J + ^2 

3=1 3=1 3=1 3=1 1 

/or anj/ <5 in (a, 2a]. 
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Proof. From (|29|) with c = and s = a + S, 

n 

IMQ-e—M"] <e-^MF\ZF{p^<$*\Z\\l + 2tf j \Z\'^) 

3=1 

^ — T^--|^| Q+5 I(|ei > d^^qT 1 ,). 



Then, if 8 belongs to (0, a], one easily obtains the former of the inequalities to be proved. The 
latter follows similarly from (|29|) with c = and s = 2a. (} 

As mentioned at the beginning of Subscction l2.21 here we pass from weighted x^metrics 
to Kolmogorov's metric via the classical Bcrry-Esseen inequality 

1 



K(F n ,G a ) < 







'-d/qr n) 





d£ + -j\\g a \\q( n ) 

a 



c being the constant which appears in Theorem 3.18 in iGalambod (|l995l ). 

Take ([%?])■ with c = and d = (3d/8My/ a , and sobstitute it in the right-hand side 
of the above Berry-Esseen inequality to obtain 



Proposition 3.4. One has 



2 " /"V<?( , 
K(F n ,G a ) <-Y,lf 1 



(35) 



j'=i 



5tt *J 
J=l 



64 
25^ 



M 4 7V 4ce ^gf + -= | 9 (n) 



withH(£, qj ) := K;o(^)|(l + 2|^| Q |«o(^)l) JV, = / + °° cxp{-(a - jj^}^ 1 ^. Tte 
upper bound is o(l) as n — > +oo. 

More informative bounds can be obtained under extra-condition (|12[) . 

Proposition 3.5. // (|12[) is uaZid /or some (5 > and d zs fixed in such a way that \£\q( n ) < 
did 1 / 01 (= qr n )D n ifc=0) entails vo(^qj) < p\^Qj\ s for some p > 0, i/ien 

Or™ " 4 n 

3=1 3=1 3=1 



32 1 c 

M 4 7V 4 a 5] of*] + -~\\9c,\\% n ) = o(l) as n ^ +oo. 



25 



SPEED OF APPROACH TO EQUILIBRIUM FOR AN INELASTIC KAC MODEL 25 

Proof. Under the present extra-condition, inequality in the previous proposition com- 
bined with inequality -ff(£, qj) < p\C\ S 1j(^ + 2pij\ti\ S ), valid for every j and |£| < d/q( n ), yields 
the desired bound. 

Now, we proceed to present bounds for K(F n ,G a ) under restrictions on the initial 
distribution function, rather than on (j) . Notation is the same as in Subsection 12.31 with the 
proviso that Fq is replaced by (symmetric) Fq and, consequently, symbols with *, like S*, h* . 
Cp, etc. must be changed to symbols without *, i.e., S, h, Co, etc., respectively. 

Proposition 3.6. Let a be in [1, 2) and let the additional restriction that / + °° |S(a;)|dx < +oo 
if a = 1 be valid. Then. 

2 n r 

K(F n , G a )<-J2 { B i1 2 j + B ^T a + ( B 3#ife) + B 4 H 2 ( q] ))q« 

+ B,qf + B Cl qf) + ^dq {n) = o(l) as n ^ +oo. 

In particular, if h is such that \h(x)\ := a; a |iS(a;)| < p'/x s for any x > 0, 6 in (0,2 — a) and 
some constant p' > 0, then 

Hi(q) < j, H 2 (q) < 



2 -a- 5 ~ a + 5 - 1 

are valid for any q in (0, 1]. 

Proof. We start from the definitions of S and <fio to obtain, via (|28|) . 

r+oo 

1 - 0o (0 = oo|£| Q + 2£ / S{x) sm(£x)dx 
Jo 

which, in view of (F4), yields 

icri«o(^-)i = ^i6i(^)+^i(^)i 

where 

p- (-00 />-D 

61 (y) := 2y / sin(?/x)S , (a;)(ia; and R\{y) ■= 2y / sin(yx)S(x)dx. 
Jd Jo 

For these quantities one can write 

\Ri(^j)\ < ^q) [ D x\S(x)\dx = 2k x i\) 
Jo 

with ki := x\S(x)\dx, and 

k 2 :=sup^i^ < max{||i> || +2fc l7 2 / + |S(a?)|da:}. 
x>o x a J D 
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Combination of these inequalities with the definition of H (see Proposition ^. 4|) gives us 



<- 



<- 



Using this inequality, we obtain 



2 " r<l/<l(n) 



(36) 



r, " 

<-E 



7T — <- /n 



+ 2k x N 2 q) + 8hk 2 q^N 2+a + 8fc?JV 4 <£- a }. 



It remains to study i ntegrals like I r (q) '■= / + °° |ki(£<7)l£ r lg ' a ° d£ for r > 0. Following 
the argument used in lHalll (|198ll ) to prove Lemma 7, one can state the inequality 



(37) 



r+oo 

I r {q) < 2qN r+2 J i \S{x)\dx + 2q 2 N r+1 J x\S{x)\dx 

/+oo 1-1 
\h(y/q)\y- a dy + 2N r+1 q a J \h(y / 'q)\y l - a dy 

= 2N r+2 q a H 2 (q) + 2N r+1 q a H 1 (q) 



with h(x) = x a S(x). To complete the proof of the main part of the proposition it is enough 
to use (|37p to obtain a bound for the right-hand side of (|3"6"|) and, then, to replace this 
bound for the first sum in the right-hand side of ((35)) . As to the latter claim, recall that 
Hiio) = Jo 1 y 1 ~ a \h'(y/q)\dy, H 2 (q) = y~ a \h(y/q)\dy and use the additional condition. 



Proposition 3.7. Let a be in (0, 2) and let the additional hypothesis that S is monotonic on 
[D, +oo) be valid for some D > 0. Then, 

2 n r - 

K(F n , G a )<-J^ [B iq ] + B 2 q]- a + B 3 (#ife) + H 3 (qj))^ 
71 j'=i 



B 6 tf* + B 6 q? a } + ^y g(n) = o(l) asn^ +co. 
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Moreover, if h is such that \h(x)\ < p' /x s for any x > 0, S in (0, 2 — a) and some constant 
p' > 0, one gets 

#i(g) < ~ 7, #3(9) < 



2-a-S' v ^ ~ a + 5 

for every q in (0, 1]. 



Proof. One starts from Proposition 13.41 once again, noticing that equality 

\t\ a v (t) = b 2 (t) + R 2 (t) 

holds with 

r+ca 

b 2 (t) := -2 1 (1 - cos(tx))dS(x) and i? 2 (i) := R^t) + 2S{D)(cos{tD) - 1). 
Jd 

Observe that 

|i? 2 (^)| <2fci|^| 2 
with ki = ki + D 2 \S{D)\/2. Moreover, 

k 2 = sup^^i < k 2 + 2D\S(D)\max(^-,2). 

x>o x a \ 2 ) 

Then, 

lerw,*)! ^{m**)i + i^(^)i + ^ M ™ M ^ } 

<|^{|6a(^)| + 2\n\b 2 (^ qj )\ + 2h\^\ 2 + Sfc^-^l 4 + Shhq^ 2 } 

Hence, 

#(F„,G a )<~^ / [l + 2k 2 F']MZq j )\dZ 

+ {2hN 2 + 8feifc 2 iV a+2 )g| + 8*?JV 4 g£- a + ^M 2 N 2a q? a + ^M 2 N ia q^ a } 

, c Hgall 
+ — ~— 9(n)- 

Applying the Fubini theorem and the formula for integration by parts, we can write 
M r {q) := [ d/qM Tv^MpHdC (with n,.(0 := e- (ao -" )c V) 



< 2 



5(1))/ (i_coB(fgD))-^dC +2g / S(x)dx n r (£) an(€qx)d£ 

JO S ./£> Jo 



<| 5(£>) | q 2 D 2 N r+2 + M { r r) (q) 
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where 

r+oo fd/q(n) 

MW(q):=2q / S(x)dx n r (Q sm(£qx)d£ 

Jd Jo 

r+°° \S(x)\ f +co d 

<2q dx / (1 — cos(£gx)) I — n r (£) | d£ (from integration by parts) 

Jd x Jo <K 

Jd x J 2 d£ 

<2z r {q 2 f 1/q x\S(x)\dx + f +OC ^^-dx} 

Jo Jl/q x 

/ r f + °° d 1 f +ca d "i \ 

(with z r := max { J | -n r (£) | d£, - j £ 2 | ^n r (£) \ dC\) 

= 2z r {q a H 1 (q) + q a H 3 (q)}. 

Then, 

M r (q) < q 2 | S(D) | D 2 N r+ 2 + 2q a z r {H 1 (q) + H 3 (q)} 

and 



2 

A^n, G a )<-^2 {Mo(qj) + 2k 2 M a {q 3 ) + (2k x N 2 + 8hk2N a+2 )q 2 
n i=i 

+ 8k 2 N 4 q^ + Ul 2 N 2a q 2a + |M 2 7V 4Q gf } + ^-q (n) . 

To complete the proof it suffices to replace the quantities M. with their upper bounds and, 
next, to recall the definition of the constants B. § 

4. Appendix 

In this part of the paper we present the proofs of the theorems stated in Section [2j 
For the sake of expository clarity, let us recall the common inspiring principles for all of these 
proofs. First of all, we refer to representation (T5J) which, combined with (|I5p . gives 

(38) | -g a (0 |< E t (\ ^MRe(M)-g a (0 |)+ | Im(Mt)) I e~* (£ G R) 

where 4> Vt { ■ ; Re((po)) is equal to n ( - ) when n = v t , qj = \Pj.t\ {j = 1, ■ ■ ■ , ft) and, in the 
definition of (f> n , (j)Q is replaced by Re(f>o- Analogously, 

(39) | F(x, t) - G a (x) \< E t {\ F Ut (x;F*) - G a (x) |)+ \ F (x) - F*(x) \ e~* (x e K) 

where F„ t (-; F *) is obtained from F n (-) by replacing n, qj and Fq with v t , \f3j,t\ and Fq. 
respectively. 
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Proof of Theorem I2T2I Apply ([38]) to write 

Xa (F(;t), G a ) < E t ( Xa (F Vt ( • ; Fq), G a )) + e~* sup | lm(v (0) I 
and, next, replace Xa(F Vt ( • ; Fq ), G a ) with its upper bound stated in Proposition 



2!) 







Proof of Theorem 12.31 Argue as in the previous proof by using the upper bounds obtained 
in Proposition 13.31 instead of the upper bound of Proposition 13.21 Moreover, to evaluate 
expectations, make use of the obvious inequality E t (f3"^) < £^EJ=i |/%,t| m ] an d, then, of 
© and (HOD- 



Proof of Theorem 12.41 In view of (f3"9")) , write 
K{F(-,t), G a ) < E t (K{F Vt ( ■ ; F*), G a )) - 



— sup|F (x)+F (-.r-0) 



and replace K{F Ut { - ;F *),Gq,) with its upper bound determined in Proposition 13.41 Finally 
use (TlT)|) to evaluate expectation. <0 

The remaining theorems from 12.51 to 12.91 can be proved following the same line of 
reasoning, according to the scheme: Resort to Proposition 13.51 and to (JTUJ) for Theorem 12.51 
Apply Proposition 13.61 and p^|) - ([2U|) to prove Theorems 12.61 and 12.71 Finally, use Proposition 
GT7]and (m])-([2ni) to prove Theorems [2^1 and [231 

It remains to prove Theorem 12.11 Its former part is a straightforward consequence of 
Theorem 12.41 As to th e latter , we use t he same argument as in the proof of Theorem 1 in 



Gabetta and Regazzini 



(|2006bh . based on 



Fortini. Ladelli and Regazzini 



CL996). Accordingly, 



for every t > we define 

W t := {K t , Ai, t , . . . \ Vt ,t,S , ■ ■ ■ ,yt, 6t,»u U t (l/2), U t (l/3), ...) 

where: stands for a conditional distribution of \Pj t t\Xj t , given (74,^,^); A„ f is the v t - 
fold convolution of Ai ; t, . . . \ Vt ,t\ 5 X indicates unit mass at x; Ut(£) '■= maxi<j<^ t Xj,t([— £[ c )- 
Moreover, the X* t are conditionally i.i.d. with common distribution Fq . To grasp the im- 
portance of Wt , notice that its components represent the essential ingredie nts of central limit 
proble ms. As to this fundamental theorem, we refer to Section 16.8 of iFristedt and Gray 
(|1997h . The range of W t can be seen as a subset of S := P(l)°° xGx[0, 27r)°° x where: 
K := [—00, +00]; P(A/) indicates the set of all probability measures on the Borel class B(M) 
on some metric space M; G is a distinguished metrizable co mpactification of <&. The s e space s 



are endowed with topologies specified in Subsection 3.2 of 



Gabetta and Regazzinil (|2006a ). 
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which make S a separable compact metric space. Now recall that, under the assumption of 
the latter part of Theor eml2.ll (V* := VlJ-i \0i.tAX* t ) n >\ must converge in distribution. 
Next, from Lemma 3 in 



Gabetta and Regazzini 



(|2006bT ). with slight changes, the sequence of 



the laws of the vectors (W tn ) n >i contains a subsequence (Wt , ) n ' which is weakly convergent 
to a probability measure Q supported by P(R) x {<5 }°° x G x [0, 27r)°° x {+0 0} x |0|°°. 



Billingslev 



At th is stage, an app lication of the Skorokhod representation theorem (see, e.g 
(|l999l ). lDudlevl (|2002l )). combined both with the properties of the support of Q and with (Fi), 
entails the existence of random vectors Wt n , := (A;> t / , Xi.t n , , • ■ • ) defined on a suitable space 
(fl, J 7 , P), in such a way that Wt , and Wt n , have the same law (for every n 1 ). Moreover, 



Ai> t , A, Aj, t „, S (j = 1,2,. 



(40) 



i>t n , ^+00, U tn ,(l/k)^0 (A = 1,2,...), 
/3 ( „ := max{|/3i,t n , |, . . . |/3/> v , v |} -> 
where the convergence must be understood as pointwise convergence on £1 and =>■ designates 



Fristedt and Gray 



weak c onvergence of probability measures. From (|40[) and Theorem 16.24 of 
(| 19971 ) . there is a random Levy measure /1, symmetric about zero, such that 

(41) hm V A, t , fx, +00) = hm V{l-F *f^ — ) } = /i[x, +00) 

holds pointwise on f2 for every x > 0. To complete the proof, we assume that lim^^+oo x a {l — 
Fq(x)} = +00 and show that this assumption contradicts (|41[) . Indeed, the assumption implies 
that for any k > there is e > such that x a {l — Fq*(x)} > k for every x > 1/e and, therefore, 



En 



} 



>—i{p (nl)<xe }j2Wtj 
x 3=1 



k 



Since (|40|) yields — > 0, then limsup„^ +00 ^, l!2; > kx~ a , which contradicts ([4Tj) in view of 
the arbitrariness of k. 
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